Introduction
Monotonic measures for convergence of the population to its stable equivalent were imported into demography from the thermodynamic concept of entropy and from the information theoretical concept of informational distance. This paper contributes to the subject by widening the class of such monotonic measures. Firstly, we consider the classical population projection model with constant rates and suggest the class of monotonic measures for stabilization. These measures are weighted sums of agespecific deviations from the stable equivalent population, including as a special case the Kullback distance investigated in the literature. Next, we turn to the convergence to each other of two non-stable populations with similar reproduction regimes and show that monotonic measures for convergence of such populations form a subclass of the aforementioned monotonic measures. Finally, we explore the convergence in the case of time-dependent reproduction regimes and suggest monotonic measures for convergence in that case. Being weightening factors, demographic potentials play an important role in the monotonic measures proposed. Discrete one-sex models closed to migration are considered throughout the paper, but continuous analogs are straightforward. Results of the work are accompanied by numerical illustrations and are applied to explore the convergence of racial groups of the US population.
In his paper "Why use population entropy? It determines the rate of convergence" Tuljapurkar (1982) introduced the informational distance as a monotonic measure of convergence of age structure to the stable equivalent. Later Schoen and Kim (1991) developed this idea and argued that the Kullback information distance is suitable for demographic needs and it can reflect instantaneous movements towards the stable equivalent. It was recently proved that monotonic convergence to stability by the Kullback distance is equivalent to the ergodic property for linear population models with nonnegative reproduction rates [Ediev 2002a ]. These results leave the impression that the Kullback distance is particularly suitable for age-structured models and represent some important features of demographic systems. Schoen and Kim, for example, wrote: "… the only other [besides the Kullback distance -D.E.] monotonic measure of which we are aware is described in Golubitsky, Keeler, and Rothschild (1975) . That measure is less appealing than the Kullback distance because it assures monotonicity only in the maximum deviation of observed age-specific values from their stable counterparts" [Schoen and Kim 1991: 465] .
It is shown in this paper, however, that a wide class of distances can be proposed, which monotonically reflect the convergence of population age structure. Indeed, monotonic measures are presented which have a simpler structure and a better performance compared to the Kullback distance.
When the paper was being reviewed, the author found another work on the monotonic measures of convergence to stability. Independently from the aforementioned works Rubinov and Chistyakova developed the quantity called 'the indicator of instability' [Rubinov and Chistyakova 1986: 50, 51] . They corrected the measure proposed by Pirozhkov (1976) and pointed to the monotonicity as an important unique feature of the indicator they developed.
In fact both the Kullback distance and the Pirozhkov-Rubinov-Chistyakova's index of instability turn out to be a mere specimens of the class proposed in the paper.
The population projection model
In this section we rewrite the classical population projection model in a form more convenient for the purposes of the paper. The form we propose arises from the model of reproduction based on the concept of demographic potential [Ediev 2000 [Ediev , 2001a [Ediev : 325-329, 2001b [Ediev , 2001c but it is fully equivalent to the classical component model as well. In the cohort-component model [Leslie 1945 ], age-specific mortality and fertility rates are used to model the dynamics of the population age structure. In that model, the dynamics of the youngest age group is described by the following difference equation:
where ( ) t n x is the size of age group x at time t , x L is the accumulated probability of surviving from age 0 to age x , and x F is the age-specific fertility rate corrected for infant mortality (
Fisher's reproductive value x v of a person of age x [Fisher 1930 ] is the net present value of future births of that person discounted by the intrinsic rate of population increase. In the discrete case [Leslie 1948 ] it can be written as:
here X x ,..., 2 , 1 , 0 = ; for ages above X we will set reproductive values to be zero. It can be shown [Ediev 2001a: 325-329 ] that the fertility rates can be expressed in terms of reproductive values:
where x P is the probability of surviving from age x to age 1 + x . Using {3}, the difference equation {1} can be rewritten in the form:
is the discounted number of births at time t ;
is the expected relative future demographic potential at age x for today's newborn [Ediev 1999] , for the population with time-constant fertility and mortality rates it simply equals to the expected present value of the reproductive value to be attained by a newborn at age x . The concept of demographic potential is close to the reproductive value in the sense that it measures the relative contribution of persons from different population groups to the ultimate population size. Unlike the reproductive values, which correlate contributions of contemporarily living persons, the demographic potentials measure relative contributions of persons at arbitrary ages, from arbitrary birth cohorts, taken at arbitrary time periods. In addition, the demographic potential concept can be extended to the case of time-dependent reproduction regimes.
The total reproductive value of the population can be rewritten in the new notation as:
Under the ergodic property [Arthur 1981 [Arthur , 1982 , discounted births tend to a constant level determined by the stable equivalent [Keyfitz 1969 ], as t tends to infinity:
(hereinafter the asterisk denotes stable counterparts of the population quantities.) Population parameters are related to their stable counterparts through equality of total reproductive values [Ediev 2001a: 331-332] .
Combining this with {5} and taking into account the exponential dynamics of the total reproductive value [Fisher 1930] we have:
where
The Kullback information distance as a member of a wider class of distances
The Kullback-Leibler distance [Kullback and Leibler 1951, Kullback 1959 ] measures the dissimilarity between two vectors ( * , y y ) containing components of some probability distributions:
where the quantities x y are non-negative and sum to one, and similarly for the quantities * x y . As proposed by Tuljapurkar (1982) , the age distribution of reproductive values could be substituted into {7} in order to get a monotonic measure of convergence to stability. In our notation this distribution is given by the following expression:
Substituting by {6}, we have for the stable equivalent population:
Combining {7}-{9}, we finally get the following expression for the Kullback distance:
As it was shown by Tuljapurkar (1982) , this distance converges monotonically to zero as the population approaches stability. The quantity K t in {10} is a 'one-way' distance from the population structure at moment t to the structure of the stable equivalent. As it is shown in [Ediev 2002a ], monotonic convergence to stability can be observed in two other information distances, one which measures the 'one-way' distance in the opposite direction, i.e. from the stable equivalent to the current population structure, and the symmetrical distance defined as the average of the two others:
From {10}-{12} it follows that all three variants of the information distance can be treated as measures of the following type:
where ( )
is a function which measures one-dimensional deviation of 
Proof of monotonic convergence to stability
The following expression can be obtained for changes in distance {13}: 
Indeed, the reproduction coefficients
should be nonnegative for monotonic convergence in the Kullback distance, as shown in [Ediev 2002a ]. This condition is assured for the cohort-component model, as fertility rates are necessarily nonnegative. We also assume this condition to be met, i.e.
X x x
. Then monotonic convergence of distance {13} is simply a consequence of the Jensen's inequality for convex functions [Hardy, Littlewood, and Polya 1934] : to obtain the following result from the Jensen's inequality, the convexity assumption imposed on the deviation function, and expression {15}:
This means that the distance {13} decreases monotonically for increasing t , so it has a limit. We shall now prove that this limit is zero, regardless of the initial population.
Assume that the ergodic property holds for the reproduction model {1}, {4}. Indeed, as proved in [Ediev 2002a ], this is the necessary and sufficient condition for monotonic convergence in the Kullback distance for models with a nonnegative projection matrix.
Then it follows from the condition ( ) 0
imposed on the deviation function and from the continuity of that function (this property is granted for any convex function defined on the set of all real numbers [e.g. Polyak 1983: 118] ), that distance {13} tends to zero as the population structure approaches the structure of the stable equivalent and 
Examples of monotonic measures and numerical results
The results obtained suggest that different distances can be constructed, which decrease to zero monotonically as time goes on and the population approaches stability. In terms of population structures, these distances have the following form:
where ( ) 
This distance was firstly proposed by Rubinov and Chistyakova as the indicator of instability. They also proved the monotonicity of this indicator [Rubinov and Chistyakova 1986: 50, 51] 1 ,
Variant of the previous distance with timeindependent weighting coefficients ( ) ( )
Distances written as a difference between indexes for the population and for its stable equivalent separately (e.g., the 'backward' Kullback distance.) These distances illustrate that any convex function of discounted births weighted by demographic potentials decreases monotonically, i.e., it behaves like the thermodynamic entropy with inversed sign is any other deviation function and parameter a determines the threshold under which population differences are considered negligible (e.g. fluctuations). Other examples can also be suggested. Hence, we have suggested a wide variety of distances which all exhibit monotonic convergence to zero as the stabilization goes on. The Kullback distance turns out to be a member of this class, being neither the only one nor the simplest. The following example illustrates how the different measures proposed above converge to zero. The age structure of the 1985 population of Austria [Keyfitz and Flieger 1990: 404-405] was projected till 2185 using the 1985 vital rates and zero migration assumptions. Values of monotonic measures were calculated for all years of the projection period. In addition to the Kullback distance three other measures were taken for the analysis. These were distances formed by the absolute deviations, by the quadratic deviations, and by the fourth power of deviations from the stable equivalent.
Figure 1:
Dynamics of stabilization measures for the female population of Austria, 1985 Austria, -2185 . Projection is made using the 1985 vital rates and under zero migration Figure 1 presents results of the calculations ('Kullback' stands for the Kullback distance; 'Abs' stands for the weighted sum of age-specific absolute deviations from the stable equivalent; 'Abs^2' stands for the weighted sum of quadratic deviations; and 'Abs^4' stands for the weighted sum of deviations in the 4 th power.) Percents of initial distances to the stable equivalent are plotted for the sake of comparability. More detailed results are presented in table A1 of the Appendix.
It is seen that the distance formed by deviations in the fourth power has a steeper decline while the absolute deviations result in the slowest decline. More generally, the higher the power α in the deviation function
, the steeper decline of the stabilization measure. The absolute deviation forms the slowest stabilization measure since it is the only deviation function, which being a convex function, is also a concave function for negative and positive values of its argument. The Kullback distance behaves very close to the quadratic distance. This is natural since it can be approximated by the following quadratic expression when the population structure is close to stability:
where the latter equation follows from {5} and {6}. Choice of appropriate distance from the class presented above depends on research needs and objectives. Some general remarks can be made however. Firstly, the Kullback distance seems to have no advantages for the study of population stabilization. It works similar to the quadratic distance, which is simpler and clearer in structure. Secondly, perhaps the most perspective measure of stabilization is the measure, which is formed of absolute deviations. This choice has several advantages in addition to its simplicity. The appropriate measure converges to zero with the slowest possible speed, i.e. it does not mask the final stages of stabilization. Besides, absolute deviations are proportional to the difference between the actual and stable population numbers, and hence they do not result in scale-dependent distortions of the speed of convergence to stability. This makes the distances based on absolute deviations easily interpretable. For example, 20% -decrease in such a distance implies that age-specific discrepancies between the actual and asymptote population numbers have shortened by 20% on average. Faster convergence to zero of the Kullback distance is a consequence of quadratic nature of this measure itself rather than a reflection of the stabilization process. Another consideration important for practical applications is that the Kullback distance is highly sensitive to the age pattern of demographic potentials while other measures presented above are robust. This aspect will be illustrated in section 8 where possible demographic applications of monotonic measures will be discussed (figure 3.) Finally, we will see that it is the distance formed of absolute deviations, which monotonically reflects the convergence of age structures of two non-stable populations with similar time-dependent reproduction rates.
6. Populations monotonically converge to each other when they follow similar reproduction regimes 6.1 Two populations with similar time-independent reproduction rates (convergence under the strong ergodicity conditions)
It follows from the results of Schoen and Kim (1991) as well as from the results presented above, that the rate of convergence to stability varies with time and depends on the population age structure. It would therefore be natural to expect that the dynamics of the distance between two arbitrary populations could not be monotonic, despite similar asymptotes. In spite of this, monotonic convergence of such populations can be granted, as demonstrated below. No doubt the monotonicity depends on particular characteristics of the measure used to reflect the distance between population structures. The Kullback distance, for example, fails to be a monotonic measure of population convergence. But there are other distances formed as a weighted sum of convex deviation functions, which do fit appropriate monotonicity conditions. Let us consider the following distance between two population structures: Assuming that the same reproduction model {4} applies to both populations, we get:
when the deviation function is a convex function of both of its variables. This means the monotonic convergence of {20} to zero under the conditions of ergodicity. The 'reciprocal' convexity of the deviation function is essential; both 'one-way' Kullback distances, for example, are convex functions of the first variable only. This explains why the Kullback distance between two non-stable populations does not converge to zero monotonically, while monotonicity is granted for symmetrical deviation functions. One example, though artificial, is presented in Figure 2 , which reflects distances between the projected population of Austria and the population of people aged 10-20 in 1985 (mortality and fertility correspond to the Austrian rates in 1985). Numerical results are presented in Table A2 of the Appendix. This section investigates the question of monotonicity in the case of a time-dependent reproduction model, when only the weak ergodic property can be granted [Arthur 1982] . Let us start with additional notations for time-dependent demographic parameters. We denote by
the accumulated probability to survive from age 0 to age x for individuals born at time t . For time-dependent reproduction models it is convenient to use demographic potentials, which also depend on time, and no more relate to Fisher's reproductive value [Ediev 1999] . We denote by ( ) t c x the demographic potential of a person aged x who was born at time t . The total demographic potential of the population turns out to be constant over time [Ediev 1999] . Using this property, we get the following model of reproduction: is any monotonously increasing function. For example, the square root of the quadratic distance could be of interest in applications. Another simple way of developing new measures for convergence is to use different segments of the population age structure, as it is described below. Theoretically, the distances considered above are based on all age classes of the population pyramid. Nonetheless the demographic potentials used as the weightening factors equal to zero for ages above the maximum fertile age. This means that the distances proposed are based on the lower age segments of the age pyramid: 
For the distance in absolute deviations, this leads to the expression:
is the probability for a person aged x to survive during the period of length A .
Existence of monotonic distances, which are independent of those presented in this paper, is still an open question to be addressed in future. Among the intriguing problems concerning the monotonicity is the question of existence of monotonic measures for convergence in the case of arbitrary linear reproduction models, without a restriction of non-negativity being imposed on the population projection matrix. Recently [Ediev 2002b ], the ergodic property was expanded to the case of the arbitrary linear models mentioned above, but the monotonicity in that case is still an open question.
Applications
The results presented above could be useful whenever one needs to introduce a distance from one population structure to another. Indeed, in such a case it would be preferable to use a distance, which shortens when the populations under consideration follow the same reproduction regime. Under the conditions of monotonicity the closer the reproduction histories of populations, the shorter should be the distance between them. Therefore, distances between populations can be used to classify them into groups with presumably similar demographic history. Such a need can arise when a multigroup population is considered. The population of the US presents a good example of such type (this case will be considered later in the text.) Monotonic distances could also be useful when the hypothesis is to be tested about similar reproduction past of two or more populations. No doubt, similarity of demographic past can be examined easily if one has at hand all the historical trends of fertility, mortality, and migration for all the populations under consideration. Yet, some times the only data we can rely on are the data on population structure. In such a situation vital trends cannot be obtained directly from the initial data, while the dynamics of distance between population structures can be obtained. Indeed, close distance between two populations does not necessarily imply similarity of their demographic history. The population with high fertility and low mortality, for example, could be close in its age structure to the population with low fertility and high mortality. However, it follows from the theory developed in the paper, that appropriately selected distance between the demographically similar populations should shorten with time, while for sufficiently different populations the distance could decrease monotonically under special conditions only. The question about which distances should be considered close, and which are far enough to imply sufficiently different demographic past, deserves further research. Based on my own experience, I would suggest that the distances between two different populations of about 0.05 or less are close, while the distances of about 0.1 and above are far enough (these figures correspond to distance {30} presented below.)
Another possible application of monotonic measures of convergence is in monitoring the demographic transition in a particular population. If we know the ultimate reproduction regime after the completion of demographic transition, then the distance to the appropriate stable equivalent population can be taken as an indicator of advance in the demographic transition. If the ultimate reproduction regime is unknown, one can develop another approach using the monotonic distance between two nonstable populations. If these populations follow the same reproduction regime then the distance between them should decrease monotonically. Hence, in addition to the population under consideration, one should find another one that passes through the same demographic transition and monitor the distance between them. Structures of the population under consideration taken at different points in time can be used for this purpose. The author applied this approach to the historical data on the population of Sweden and found it useful in visualizing the process of demographic transition and in separating the stages of transition.
Before proceeding with the example of monotonic distances' application, I would like to discuss some important aspects of practical calculations. Although a monotonic distance should better be calculated using the demographic potentials obtained from the population's reproduction parameters, results of calculation (including the monotonicity in dynamics) are less sensitive to the age pattern of demographic potentials. One can usually rely on the same standard pattern of demographic potentials in different situations. This point is illustrated on figure 3, which presents the same distances as on figure 1, with the standard age pattern of demographic potentials used in distances calculation. This standard pattern is based on the Brass relational mortality and fertility models [United Nations 1983] corresponding to the life expectancy at birth of 65 years and to the null intrinsic growth rate (see table 8.2 below). The numerical results are presented in table A3 of the Appendix. It is seen that all the distances presented except for the Kullback distance are robust and insensitive to choice of the pattern of demographic potentials.
Figure 3:
Dynamics of stabilization measures for the female population of Austria, 1985 Austria, -2185 v . Therefore, the distances calculated using the former potentials are more robust and more attractive for use. Another general consideration about the use of distances, which arises from the practice, is that it would be preferable to use the sizes of age groups ( ) t n x rather than the discounted birth numbers x t b − . Besides, the distances with homogeneous deviation function could be preferred due to their monotonic properties in case when the populations with varying reproduction regimes are considered. These considerations resulted in the following choice of distances. When the convergence to the stable equivalent population is considered, the following distance seems to be a good measure:
Dividing by the total reproductive value ( ) t V ( * V -for the stable equivalent population) guaranties that distance {28} is calculated towards the stable population, which is asymptotically equivalent to the population under consideration. Expression {28} can be adapted to the case when the distance is calculated from one non-stable population to another non-stable one:
Unfortunately, we cannot guarantee that this distance will be a monotonic measure for convergence of two non-stable populations, as the deviation function used in {29} is not a convex function of both its variables. Therefore, it would be better to use the following distance to examine the convergence of two non-stable populations:
For the purpose of monitoring the demographic transition distance {30} can be applied to age structures of the population under consideration taken at different moments of time: 
{31}
The theory presented in the paper is suited for the populations without migration. Therefore, application of the distances proposed to the populations with considerably high migration could become unreasonable. Even though, we can neglect the impact of the migration if the variation of migration rates is much lower than the variation in sizes of the population age groups. In the case of the US we have that the immigration consists about 0.5% of the population's total demographic potential. Such a migration can disturb distances {30} and {31} to the amount of much less then 0.005, which is negligible compared to the distances' values obtained in the case of the US (see the example below.) Now we will proceed with the example of monotonic measures' application. We will use distances {30} and {31} to investigate the racial differences in the US after 1980. The age pattern of demographic potentials used in calculations is presented in tables 8.1 and 8.2. It was obtained using the Brass relational models of mortality and fertility [United Nations 1983] , the life expectancy at birth being 65 years and the intrinsic rate of natural increase being zero (the structural parameters beta were set 0.9 and 1.0 for the mortality and fertility models respectively.) 
Figure 4: Distances between age structures of the US race-origin groups and the structure of the US White non-Hispanic female population, 1980-2000
Notable racial differentials can be observed on figure 4. Although 90s became a decade of convergence in structures of different races, sufficient nonzero distances still persist. While the Hispanic origin plays an important role for Whites, Blacks, and Asian and Pacific Islanders, American Indian, Eskimo, and Aleuts seem to be more homogeneous.
Another conclusion, which can be made, is that the US whites and blacks seem to be close to each other given the same origin status. These race groups were converging to each other during 80s and especially during 90s. At the same time both blacks and whites with Hispanic origin were diverging from the appropriate race group with nonHispanic origin, i.e. their demographic behavior was persistently and sufficiently dependent on original status. It worth to compare these distances to the dynamics of the race-origin groups' age structures, which can be reflected by the distance from the population's structure to its own structure one year later: The dynamics of these distances is reflected on figure 5. Age structures of the US raceorigin groups were being stabilized during 80-90s. Notable sharp changes around 1990 may be caused by the discontinuity of demographic statistics before and after the 1990 census. Yet, the American Indian, Eskimo, and Aleut, Hispanic female population deserves further research on causes of the unusual trend during 80s.
Figure 5:
Dynamics of age structures of the US race-origin groups, 1980 US race-origin groups, -2000 Either one of the classifications presented can be used to build reproduction models for the US population, which reflect the heterogeneity of the population on the one hand, and the similarity of demographic characteristics on the other hand.
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Appendix: Numerical results for illustrative examples presented in the text

